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Abstract 

We use the holographic principle to study quark jets with trailing strings in an 
expanding plasma that asymptotes Bjorken hydrodynamics. We make use of the fact 
that the trailing string is the locus of the light delay in bulk to obtain the explicit form 
for quark jets in the expanding plasma. From the trailing string solution we calculate 
the drag coefficient of a heavy quark in the strongly coupled expanding plasma. The 
energy scaling of the maximum penetration length of an ultrarelativistic light quark 
jet using light rays in bulk is estimated. 



1 Introduction 



The strongly coupled quark-gluon plasma at RHIC/LHC is believed to be appropriately 
described by hydrodynamics at proper times 0.5 fm/c < r. One solution to hydrodynamics 
describing a relativistic system with infinite extent in the perpendicular direction that is 
expanding longitudinally was given by Bjorken [1]. An important probe for the strongly 
coupled quark-gluon plasma is the quenching of quark and gluon jets [1]. 

A useful tool to study the dynamics of a particle within a strongly coupled medium in real 
times is the holographic approach. Jet quenching of ultrarelativistic quarks and gluons as 
light rays falling on a static black hole in holography was initially suggested in [2, 3] and more 
recently in [4, 5]. Jet quenching of (non-)relativistic quarks and gluons have been described 
by trailing strings [6, 7] and trailing and falling strings [8, 9, 10]. For another approach to 
jet quenching within holography, see [11, 12]. Falling strings are commensurate with falling 
light rays in the ultrarelativistic limit bridging the gap between the two approaches. 

The trailing string solution reveals momentum and energy dispersion relations for a heavy 
quark being dragged through a static, hot medium at a constant velocity. For a thermal 
medium described by a static black hole, the drag coefficient following from the longitudinal 
tension of the dragged string is in agreement with expectations from Brownian motion [13] 
thanks to the Einstein relation. 

The traifing string configuration can be thought of as the locus of the time delays of a 
light signal propagating along the jet direction in bulk. Indeed, static quarks and gluons 
are threaded by a vertical color string in the holographic direction. As they are made to 
move longitudinnally in space, the vertical string follows causally with each point at a given 
holographic depth travelling with the light speed corrected by the refraction index of the 
holographic medium. As a result, the string traces the locus of time delays [3]. 

This particular interpretation was made clear in [4, 5]. The surface of stationary phase 
of the solution to 'electromagnetic' waves (more precisely 3^-currcnt) propagating in bulk 
is identical to the trailing string solution. We make use of this particular interpretation to 
construct trailing string solutions in a time-dependent black hole background which is dual 
to a time-dependent expanding thermal plasma that asymptotes Bjorken hydrodynamics. 
Our explicit string construction supplements and confirms the non-equilibrium analysis of 
quark dragging in [14]. 

In section 2 we show how to obtain the trailing string solutions by following light rays 
propagating in bulk. Instead of using the full Maxwell description of 'electromagnetic' waves 
as in [4, 5], it suffices to study null geodesies in bulk as originally suggested in [2] in order 
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to reproduce the solution to the string equations of motion. This 'cikonal approximation' 
holds for trailing strings in a static as well as expanding hot medium. In section 3, we 
then construct the trailing string solution in a time-dependent, thermal background, which 
describes a hot, expanding medium which asymptotically agrees with Bjorken's solution 
for large proper times. Energy and momentum dispersion relations as well as the drag 
coefficient are obtained. The energy scaling of the stopping distance for a quark jet in 
holography was studied in [8, 10, 11, 12]. In section 4 we approximate the stopping distance 
for an ultrarelativistic light quark jet by analyzing a classical particle falling in bulk on a 
null trajectory. Our conclusions are in section 5. 



Motivated by the earlier idea on radiation in holography [2], and the recent wave analysis 
in [4, 5] , we propose a simple way to construct the trailing string solution by looking at null 

geodesies in bulk. We will now show that the solution to the string equations of motion, 
which is a string dual to a heavy quark moving on the boundary with constant velocity 
v{t) = V, is given by the envelope of the endpoints of light rays emitted from the quark at 
the boundary at an earlier time t — td, where td = td{z) is the time (delay) it takes light to 
travel along a null-geodesic from the boundary {z = 0) to some finite z in bulk. The position 
of the string extending into the bulk is equal to the position of an observer who has first 
detected the light signal emitted from the boundary at an earlier time. 

2.1 Static medium 

We parametrize the position of the light ray by (t(A), x(A), -2(A)) with A an affine parameter. 
The AdSs-Schwarzschild metric characterizing a static medium at finite temperature reads 



with R the AdS radius, f{z) = 1 — [^j ^-^d zh the position of the black hole horizon. 
The motion along a null-geodesic carrys the two integrals of motion 



2 Strings made out of light 






n, = —f{z)dxt 



(2) 



z- 
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We can rewrite (2) as 



x{t, z) ^ dtx{t, ^) = 1^ = /(^)^ = /(^) , (3) 



since the velocity of light at the boundary ;s = is equal to one. 
The light ray follows the null geodesic 



/(;.) {d,tf = {d,xf + {d^zf , (4) 
resulting in i = ± (^-^^ f{z). 

At a given time t, we interpret the time delay, td{z), as 

z z zjjf 

If we assume a constant velocity v for the quark on the boundary, each point of the wave 
front in bulk will move with the same velocity and z) — td{z). The solution to the string 
Xs{t, z) can now be written as 

Xs{t,z) ^ Xi + v{t -td) (6) 
to regain the solution to the string equations of motion [6, 7] with xi a constant. 

2.2 Expanding medium 

The above argument for the reconstruction of the trailing string as the locus of light delay 
in bulk, may be used to derive anew the trailing string in a time dependent background 
composed of a falling black hole in AdS^^. In the background described by the metric in eq. 
(18), the null-geodesic at the boundary gives dtx{t^ w — Q) on -^/^ and leads us to introduce 
the time delay as 

td(t,x) = x(t,'u; = 0) -x^toA/^ ( ^ ) -X. (7) 



3 V3t 
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We define = ^^^d and neglecting contributions which are suppressed at late 

proper times, the metric (18) at large times t assumes the form 



J 2 



(1 - f{w)) dt'^ - 2did dt + dil + 



/H 



dw 



(8) 



For a light ray (t(A), td(A), u'(A)) in this background, the two integrals of motion and the 
null-geodesic equation read 





















= 


(1- 



((1 - f)dxt - dxid) 



f 



(9) 
(10) 

(11) 



The ratio of lit and is fixed on the boundary 



El 



=0 dtid - 1 



dtia 



\w=0 — 



1 + dttd 



= 0, 



;i2) 



since the time delay t^, (7), and ^tt^ vanish on the boundary by construction. Since is 



constant everywhere, we obtain ^tt^ — 1 — f and eq. (11) results in 

{d,wf^±f{l-f). 
We can now solve for the time delay: 



(13) 
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dtw wjjf 



(14) 



We recognize the same equation as for the bulk part of the trailing string with a constant 
velocity at the boundary, (25). The time delay, (7), allows us to construct the following 
solution 



(15) 



which matches the solution to the string equations of motion, compare (26). 
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3 Trailing strings in an expanding plasma 



The dual geometry to a perfect fluid valid for large times with asymptotic Bjorken hydro- 
dynamics was worked out in [15] and the metric in Fefferman-Graham coordinates reads 



(1 + u^) 



4\2 



-dr^ + (1 + u^) {r^dy^ + dxl) + dz' 



(16) 



/ 2 ^ 

with the AdS-radius R, proper time t — ■Jt'^ — {x^) , rapidity y = arctanh^ and transverse 



coordinates x± = The scaling variable v 



(t/to)TS 



re4, with energy density e 



J (ttTq) of the medium and initial temperature Tq at an initial proper time tq, reveals an 

1 

inf ailing black hole as the horizon zh — ^ (^) ^ moving away from the boundary. We 
note that a naive interpretation of a time dependent temperature gives T(t) oc z]j^ oc t~^^^. 
A change of variables 



w 



t 

To 



(r/ro) 



1 + z/4 



(17) 



and neglecting terms O(-) yields [14] 



ds'^ 



dw' 



(18) 



with f{w) — 1 — (7r^rQ)w^ = 1 — • This geometry bears a static black hole, i.e. the 

horizon wh is t- independent, with the time dependence, t = t(T), absorbed into the spacial 
parts of the metric. 

We now focus on the dynamics in the x_L-direction. In the static gauge, the Nambu- 
Goto action governs the dynamics of a string profile parametrized by x± = x{t,w) in the 
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background (18) and reads with the Ansatz x{w, t) — Xi + vto^J^ (^) ^ + \/^^('"^) 

S = -TT-l I didwyf^ (19) 



2'Ka' 



^ ''dtdw^Jl- ( ^ ) {d,xf + ( ^ ) /(«;) (a^x)^ (20) 



2T:a' J w^y \2t J f{w) ' ' V 2t 



27ra' J w^\l f{w) 



y2 



+ f{w)^>y , (21) 



up to corrections of 0(|). Gravity will pull the string towards the horizon increasing ^{w) as 
w — )■ wh- Corrections of the order 0(|) will show up in the infrared behavior of the solution. 
In (21), we recognize the same form that leads to the trailing string solution [6, 7] modulo a 
transformation w — B? /u. A solution to the string profile ^{w) is easily worked out; [6, 7]. 
The equation of motion for ^ [w) reads 

—J-^^d^^{w) = c(t) (22) 



,2 / / „,2 \ 2 



C W I f — V 



with c an integration constant. Demanding the energy and momentum flow, (30), and, thus, 
to be positive and real, fixes c to be 



w 



^ = — 2^ (24) 



where — wj^ (1 — v^) is the critical 'radius' at which both numerator and denominator in 
the bracket in (23) change sign. The equation of motion (23) reads 



V 



d^a^) = (25) 

"^H J 

and yields the solution to the string 

/2 / 2t \ ^ [Wvwh ( , w w \ 

x{w, t) ^ Xi + vto\ - { — ] + \ — — arctanh arctan . (26) 

V 3 V3toy V 3to 2 \ Wh wh J 

The on-shell action is proportional to S oc J dwdt^\/l — v^. At the boundary, x{t) oc 
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representing a heavy quark at constant velocity. 



4 Energy-loss and drag coefficient 

Integrating the canonical energy and momentum densities 7r°, 7r° [6, 7], the total energy and 
momentum of the string in the (t, i(;)-coordinate system are given by 

E = - ji^4 = ^ I (l + ^/(-) (S^-r) (27) 

with a/a = ^ The static solution x(t, = = const, defines the static thermal mass 
M(To) as 

M(To) = - y ^° = - ^^0^ = m - Amo . (29) 

The static solution, as well as the non-static one above, have Dirichlet boundary conditions, 
implying that the endpoint of the string does not vary with w. This requires w^ = const. 

oc t^^^. As the black hole moves away from the boundary (z^ = Znit)) in the (t, 2;)-frame, 
the endpoint of the string has to reflect this dynamic behavior. At large times the medium is 
described by (Bjorken) hydrodynamics satisfying the assumption of near local equilibrium. 
Static properties of the quark are insensitive to the changes in the medium as the thermal 
mass correction, Amo = ■^^o(2o)) is constant in time. Interpreting Amo as a screening 
mass, we would expect it to be proportional to T{t). The associated energy and momentum 
flow of the string are 



y/X R^3t 



d,p = (30) 
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Ignoring corrections 0(f), the energy and momentum dispersion relations and flows are 

E = jM{To) + -{dtE)A^ (31) 

V 

P = J^v^M{To) + l{d,p)A^ (33) 



dtp - , (34) 

with 7 = :yY=f 5 and = /J'"""" (iw (9^.^. tfmax is the maximum depth beyond which 0(f) 
corrections can no longer be neglected. Note that although the string endpoint falls in the 
(t, 2;)-framc, the energy flow down the string is independent of the radial coordinate. While 
the total energy of the quark is constant in the (t, tt;)-framc, the momentum decreases within 
time. As the external electric force Ftx = — tt^ weakens with time, the quark looses momentum 
and is asymptotically static. (Note that the medium does not expand in the x± direction.) 

We can now evaluate the drag coefficient /j,. The momentum flowing away from the quark 
on the boundary reads 



dp 
'dt 




277 M{To) Ui^l / V 2t 



(35) 
(36) 



For a quark momentum p = ^J^v'yM{To) we obtain the drag coefficient 



dp 
'dt 



-lip (37) 



/.M(To) = ^(7rTo)2 I -?T I « T{t) a Amo T{t) . (38) 




27r 

This is analog to the momentum loss in a static background with a constant temperature 
T — To, where the drag is governed by iiM{Tq) = vrAmoTo, [6, 7]. The result (38) is also 
in agreement with the Brownian motion analysis carried in [14] for a falling black hole and 
using different approximations. 
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5 Penetration depth for a light quark jet 



For a rclativistic light quark jet traveling through an (expanding) medium, we give an es- 
timate for the maximum penetration depth. A light quark is approximately described by 
a null string whos endpoint is initialized at some finite radial coordinate and falls into the 
black hole following a null geodesic [9, 10]. The approximation used is that long enough 
after the initialization, once the endpoints of the string have traveled from the boundary to 
some depth z^,, the quarks fiying away from each other can be represented by trailing string 
solutions, where the string uniformly translates with a constant velocity and whos endpoints 
follow null geodesies. The excitation on the boundary will dissolve into the medium once 
the endpoints of the string have reached the horizon and the energy scaling of the stopping 
distance is {Ax{E))^^^ ^ (e/tVx)'" /T. 

We approximate the maximum stopping distance of a relativistic particle on the boundary 
by following light rays in bulk. We first consider the case of a static medium, whos dynamics 
are described by the metric (1). To describe a quark at the boundary with velocity t;, we fix 
the constants of motion, (3) 

dr TT 



The null geodesic reads 



^ = V/ (/ - i^') , (40) 



and the distance Ax the quark travels before the string reaches the horizon is given by 

V 



Ax = / dz- = / dz , = / dz , (41) 

io z Jo Ji-vH Jo n 777^ 



For V ~ 1 and finite ^, the energy dependence of the maximum penetration depth reads 

. . «) . (42) 

where E is the energy of an ultrarelativistic quark zipping through a static plasma of fixed 
temperature T. 

Similarly, at late times in an expanding background, (18), where the quark on the bound- 
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ary moves close to the speed of light with x{t, z = 0) (x vt^ , the maximum stopping distance 
is given by 



(Ax)_ oc ^j^jr oc ■ (43) 

6 Conclusion 

FaUing black holes in the context of holographic QCD offer a new framework for studying 
strongly coupled gauge theories out of equilibrium [16]. Heavy quark diffusion in such a 
context was originally discussed in [14] using certain assumptions. The current analysis 
through the trailing string confirms these findings without additional assumptions. Key to 
the construction of the trailing string solution in the time-dependent holographic background 
is the observation that the string in bulk is the locus of the fight delays [3, 4, 5]. 

The falling black hole in bulk asymptotes Bjorken hydrodynamics, describing a longitu- 
dinally expanding plasma with infinite extent in the perpendicular spatial direction. The 
time-delayed and approximate solution to the string equations of motion accounts for a quark 
at constant velocity. We have also identified an exact solution representing a decelerated 
quark at the boundary with an asymptotically vanishing momentum (see Appendix). 

Since the holographic metric can be cast in a coordinate frame in which the horizon is fixed 
in proper time, the essentials of the expanding medium arc captured by a time-dependent 
rescaling of the temperature. A falling black hole from to t describes an expanding and 
cooling medium from T(to) — Tq to T(t) ~ Tq/t^^^. Heavy quarks with initial thermal 
masses M{Tq) — m — Amo are dragged with a dragging coefficient iJ,M{To) ^ AmoT{t). 
The latter is the analogue of the dragging in a static medium with fixed temperature. Ul- 
trarelativistic quarks with energy E penetrates a distance Ax fa sf^zu ~ ■\/ E /M{Tq) /T{t) 
in the expanding plasma. 
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8 Appendix 



In this Appendix wc show that the falling black hole background (18) also admits an exact, 
decelerated trailing string, which exhibits identical dragging to the trailing string solution 
discussed in the text. The equation of motion for a solution of the form x{t,w) = const. + 
vt + i{w) reads 



i?^ /3to\ f{w 



and gives the same result as in (25) 



dUiw) = c(t) (44) 



V 



d^^iw) = — — , (45) 



and, thus. 



, . vwh ( , w w \ 

x{t, w) — Xi + vt-\ — arctanh arctan ) . (46) 

2 V wh whJ 

Xi is related to the initial position of the string endpoint. The on-shell action density cor- 

?2 



responding to (46) is given by = ^yl — v"^ (^)- Since t oc ts, the quark moving 

along the trajectory of the endpoint of the string at z = is decelerated. The string solution 
(46) describes a trailing string and every point on the string moves with the same velocity 
in the x-direction in the {t,w) frame. This is no longer true if we transform to the original 
variables {t, z), since the black hole horizon is faUing in these coordinates. The deceleration 
of the quark is proportional to the rate at which the temperature decreases, T{t) oc t'^/^. 
For the solution in (46) , the densities read 



27r 



-I - ^ : V. . (48) 



27r 



27r 



1 


3tot;W 


— + 


2t wy 


3to\ 




2t ) 




3to\ 


V 


2t ) 




/3to 




V 2t 





< - ^ I ' {'^]7:ti (49) 

< = ^ . ' (^)-V, (50) 
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resulting in the following dispersion relations using (27), (28) 



E = 



P = 



-fM{To) + -{dtE) AC 

V 




(52) 



(51) 



For both the decelerated and the constant velocity solution, v is related to the initial quark 
velocity. The energy dispersion relations (51) and (31) have the same structure, ensuring 
that both string solutions describe the same excitation on the boundary. Since both solutions 
probe the same medium, it is not surprising, that we obtain the same drag coefficient as in 
(38) for a quark having momentum p = \ ^'i^7-^(^o)- 
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